We incorporate a renewable resource into an overlapping generations model without capital and with quasi-linear preferences. Besides being an input for production the resource serves as a store of value. We characterize the dynamics, efficiency and stability of the steady state equilibria. The stability properties are sensitive to the type of the resource growth. For constant growth there is only one steady state equilibrium which is stable and efficient. In the general case of the concave growth function there are usually at least two steady state equilibria, one of which is stable and the other one unstable. The unstable steady state is efficient, but the stable one may or may not be. We study the robustness of our results by assuming a logarithmic periodic utility function. We show that for the Cobb-Douglas production function the steady state is unique and stable regardless of whether the equilibrium is efficient or inefficient. Our analytical results are illustrated by numerical calculations.
Introduction
Traditional theories of renewable resource use assume an infinitely lived agent or a social planner, and have the property that there is one steady state equilibrium, which is a saddle. Equilibrium is a function of resource demand (price), costs and exogenous real interest rate (for economics of forestry and fisheries, see e.g. [6] and [7] ). These models do not account for the fact that in practice renewable resources are important stores of value between different generations. 1 Hence, one can ask whether this analysis is robust in an overlapping generations economy, where agents have a finite life but resource stock may grow forever, and where the real interest rate is determined endogenously.
Recent studies ( [9] , [11] , [13] and [14] ) focusing on the sustainable use of renewable resources within the overlapping generations framework have provided a partial answer. 2 They establish the generally well-known fact that competitive overlapping generations economies may be inefficient. [9] demonstrates that a competitive economy with constant population may under-harvest its renewable resources as a consequence of the resource being inessential for production. In a different vein, [14] shows that both a low rate of resource regeneration relative to population growth and a low level of saving may lead to unsustainable use of renewable resources, so that consumption declines over time.
These papers study the steady state equilibrium without analyzing its dynamics and stability. This is an unfortunate drawback, since stability properties of the renewable resource exploitation are important e.g. in policy making. If the utilization of the resource tends to be unstable, competition may more easily lead to the destruction of the whole resource, which naturally necessitates a more careful resource management.
In this paper we characterize the steady state equilibrium of a general equilibrium overlapping generations economy, study its stability properties, and compare competitive and efficient steady state equilibria. For this purpose, we 1 Tobin , for instance, points out that "land and durable goods, or claims upon them are principal stores of value" [19, p. 83] . 2 In addition to the above references in the OLG framework, see e.g. [1] for an analysis of the effects of forest and inheritance taxation on harvesting, stand investment and timber bequests in an overlapping generations model with one-sided altruism. For pollution as an intergenerational externality, see [8] .
construct a model where agents live for two periods. The renewable resource serves both as a store of value and as an input in the production of consumption good.
Our focus is entirely on the extractive use of resource and we omit amenity services provided by the resource. The resource stock may be interpreted, for instance, as forests or fisheries (with well-defined property rights over fishing stocks).
Unlike [9] and [14] , who assume constant and linear growth, we utilize a general concave resource growth function, which captures the essential features of renewable resources more adequately. As a special case we analyze also the use of expendables, for which the growth rate is independent of the resource stock (relevant e.g. for the use of hydropower or most agricultural production, see [18] for the resource classification). Our model is similar to the exhaustible resource model of Olson and Knapp, see [15] .
It will turn out that for a model with quasi-linear utility function the type of growth function plays a very important role in the analysis. Under constant growth there is one equilibrium which is stable, indicating that the overlapping generations economy does not qualitatively differ from the world of infinitely living agents of traditional renewable resource theories. Assuming concave resource growth, however, brings a striking difference to the results of traditional analyses. Instead of one equilibrium, there are usually at least two steady state equilibria, one of which is stable and the other one unstable.
To explore the robustness of our results with quasi-linear utility, we also impose concavity on both periodic utility functions via logarithmic specification. Now the dynamical system reduces to a non-linear first-order difference equation for the resource stock (harvesting being determined recursively). We show that for the CobbDouglas production function the steady state equilibrium is unique and stable regardless of whether the equilibrium is efficient or inefficient, and irrespective of the type of the growth function. Since the steady state equilibrium is determinate, the qualitative properties of the model under logarithmic utility function are similar to the saddle point equilibrium.
The paper is organized as follows. In section 2 the basic structure of the model is developed. Section 3 analyzes steady state equilibria, while dynamical equilibria are studied in section 4, and efficiency of competitive equilibrium in section 5.
Dynamical equilibria with logarithmic utility are examined in section 6. Numerical calculations with parametric specifications are presented in section 7. This is followed by a concluding discussion.
The Model and the Equilibrium Conditions
We consider an overlapping generations economy without population growth, where agents live for two periods. We assume that agents maximize the intertemporally additive, quasi-linear lifetime utility function
where c i t denotes the period i (=1,2) consumption of consumer-worker born at time t
with ≤ being the rate of time preference. 3 In addition to simplifying the analysis, quasi-linear specification allows us to focus more sharply on the importance of the time preference for the use of a renewable resource. We assume for the first period utility function that 0
and
. The young are endowed with one unit of labor, which they supply inelastically to firms in consumption goods sector. The labor earns a competitive wage. The representative consumer-worker uses the wage to buy consumption good and save in the financial asset or to buy the available stock of the renewable resource. The renewable resource in our model has two roles. It is both a store of value and an input in the production of consumption good. The market for the resource operates in the following manner. At the beginning of the period the old agents own the stock, and also receive that period's growth of the stock. They sell the stock (growth included) to the firms, which then decide how much of that resource to harvest and use as an input in the production of the consumption good. The firm will sell the remaining stock of the resource to the young at the end of the period. Besides owning the stock the current old generation (generation t-1 in period t) will also get its growth, so that the stock they have available for trading is )
It is interesting to note that via growth function this "natural" production activity yields a profit for its owner. These profits could presumably be distributed in alternative ways. For instance, there could be a stock market where the ownership rights for the resource are exchanged. The young buy the shares for the resource, and when old, get the dividend and the proceeds from selling the shares next period. 4 This kind of arrangement leads to the same allocation, which we will have in our model. 5 The transition equation for the resource is
where t h denotes that part of the resource stock which has been harvested for use as an input in production. The initial stock and its growth, ) ( t x g , can be conserved for the next period's stock or used for this period's harvest. 3 Assumption of quasi-linearity produces a saving function with positive interest rate elasticity. 4 We are thinking here about the stock market arrangements proposed by Lucas and Brock (see, [10] [3] and [4] ). Since [10] and [2] have infinitely lived agents, the treatment of the stock market in their papers cannot readily be applied to our overlapping generations model, where e.g. there is limited market participation. [3] presents an overlapping generations version of the asset pricing model of [10] , where the asset pays a constant dividend each period. For a recent treatment of the stock market in an overlapping generations model with capital, see [12] . 5 A sketch of the proof is available from the authors upon request.
In addition to trading in the resource market, the young can also participate in the financial markets by borrowing or lending, the amount of which is denoted by t s .
The periodic budget constraints are thus
where t p is the price of the resource stock in terms of period t's consumption, t w is the wage rate, and x is left to grow. According to (4) the old generation consumes their savings including the interest, and the income they get from selling the resource next period to the firm, ξ ζ
The periodic budget constraints (3) and (4) ) (
Maximizing (1) subject to (5) and the appropriate non-negativity constraints gives the following first-order conditions for t s and 1
Η t x at the interior solution
Due to the linear second period utility function we might get corner solutions (i.e.
) for some parameter values. This happens, for instance, if ϒ is low enough, implying that the consumer does not want to consume anything in the second period. 6 6 To make the left-hand side of (6) very small for a given 1 Η t R , the first-period consumption must be very large. This is not, however, possible since the level of the stock, harvest and consumption in any period are These conditions have straightforward interpretations. The Euler equation (6) says that the marginal rate of substitution between today's and tomorrow's consumption should be equal to the interest factor. According to (7) the marginal rate of substitution between consumptions in two periods should be equal to the resource price adjusted growth factor. (6) and (7) together imply the arbitrage condition for two
which says that the interest factor is equal to the resource price adjusted growth factor. Using (8) we can rewrite the lifetime budget constraint as ξ ζ
where the term in the square brackets is positive.
We next characterize the equilibria and dynamics of the model. The competitive equilibrium is defined as follows.
Definition. A sequence of a price system and a feasible allocation,
is a competitive equilibrium, if (i) given the price system consumers maximize subject to their budget constraints and (ii) markets clear for all t = 1,2,...,T,...
Market clearing conditions are
bounded. We elaborate the issue of corner solution later when discussing the existence of steady state
Equation (10a) is the resource constraint for all t, and (10b) is the transition equation
for the renewable resource stock. The fact that there is only one type of a consumer per generation and no government debt forces the asset market clearing condition to be such that saving is zero for all t. Equations (10d) and (10e) in turn are the firstorder conditions for profit maximization, and determine the evolution of prices, t p and t w .
Market clearing condition (10b) and the first-order condition (7) for the resource stock and harvesting imply the following planar system that describes the dynamics of the model ) (
where we have used the periodic budget constraints (3) and (4), and the equilibrium conditions (10d) and (10e), to arrive at the equilibrium Euler equation (12) . Equations (11) and (12) are the main objects of our study. Before analyzing the dynamic properties of this system we characterize the steady state equilibrium.
Steady State Equilibria
The planar system describing the dynamics of the resource stock and harvesting consists of equations (11) and (12) . The steady states α α x h t t Ζ Ζ 0 fulfill the following equations
equilibrium.
and define two stationary loci in the hx -space for which the resource stock and harvesting remain unchanged. Total differentiation of (13) and (14) yields
These equations describe the slopes of the curves α α x h t t Ζ Ζ 0 in the hx-space.
While the slope of the curve defined by (15) is not monotone, by (16) the steady state
Euler equation is an increasing curve in the hx -space.
The curve (14) must lie above the curve 0
, since the first-period consumption must be positive due to the condition
.
To get further insight on how this requirement affects the number of steady states (and also on the possible dynamic paths) we consider the inequality
The lower bound on positive consumption can be rearranged to obtain
where
is the elasticity of output with respect to harvest, i.e. the factor share of the renewable resource in production. 7 It is straightforward to show that
is upward sloping in hx -space. The following lemma establishes that the curve goes through the origin.
Proof. See Appendix 1. 7 We can rewrite this condition as
, which is analogous to the respective condition developed by Olson and Knapp [15, pp. 281-282] for the model with exhaustible resource. This is natural since there can be no consumption if there is no resource and harvesting (a necessary input in production). Next we study the behavior of the Euler equation in a steady state ξ ζ ξ ζ
Hence, we have
Proof. See Appendix 1.
To study the existence of the steady state we rewrite the Euler equation (14) by using
Differentiation of both sides of (19) gives
As for the limiting behavior of
the argument of the marginal utility approaches minus infinity because of the Inada condition for the production function. Hence, there must be a value of x , say x x'Ψ , such that this argument approaches zero. This means that the marginal utility (i.e. the value of ) (x LHS ) approaches infinity. On the other hand, if 0  x , the first period consumption approaches zero and the marginal utility approaches infinity. It is also clear that the argument of the marginal utility cannot reach the value infinity for any
, so that the function ) (x LHS cannot touch the x -axis on that interval.
is equivalent of having
, it means that the minimizing level of the stock is such that the first-period steady state consumption
) is maximized. We denote that level of x as c x and the corresponding consumption as m c 1 .
Since there is no Inada condition for the growth function, ξ ζ
is just a finite number. Lowering the value of the discount factor (i.e. ϒ ) tilts the function ) (x RHS downwards making its slope less steep. Hence, there must be a lower bound for the discount factor, say ϒ , such that for any ϒ ϒ Ψ , the steady state equilibrium does not exist. We have drawn the case with two nontrivial steady states in Figure 1 .
Since the function ) (x LHS does not depend on the value of ϒ , we can lower the function ) (x RHS so much that the two curves neither cross nor touch.
For the nonexistence of equilibrium (see Figure 1 ) at least the following necessary, but not sufficient condition (the ) (x RHS curve must lie below the ) (x LHS curve at the minimum point of the ) (x LHS ), must hold for the discount factor ξ ζ
can be rewritten as
Thus it is necessary for the nonexistence of the steady state that the discount factor must be lower than the quantity on the right-hand side, which in turn depends on the identifiable and economically meaningful allocation, i.e. there is an upper bound for this lower bound. 8 This nonexistence result follows from the fact that there is no Inada condition for the second period linear utility function. As discussed in section 2, this means that there can be circumstances (e.g. a very low discount factor), when consumers do not want to consume anything next period. The preceding discussion has made it clear that the steady state in our model is not necessarily unique. 
While the slope in (23) can be positive, zero or negative, the slope in (24) is always positive given our assumptions on the utility function and the fact that
because in the steady state equilibrium ' 1 g Η equals the interest factor (c.f. arbitrage equation (8)).
We collect the previous discussion in When ϒ is "low enough", the economy consumes the entire resource stock despite its capability of providing new stock via growth, so that resource use is not sustainable. This extinction result derives from the combination of quasi-linearity and zero harvest costs in our model, while e.g. in some traditional fisheries models the harvest costs increase with the decrease of the stock, preventing extinction.
In what follows we concentrate on the case of two steady states, i.e., the Euler equation cut the growth curve from below in equilibrium with the larger level of resource stock (see Figures 2 and 3 below) .
Dynamical Equilibria
To study the dynamics of our model we start by considering paths for which x x and h h t t Η ∫
1
. It follows from (11)
and from (12) ξ ζ ξ ζ
Equations (26) and (27) represent the area in the state space where the variables x and h are weakly increasing and also the complementary area in which they are strictly decreasing.
We will rewrite equations (11) and (12) as follows
Substituting the RHS of (28) for x t Η1 in (29) gives an implicit equation for h t Η1 ,
The planar system describing the dynamics of the resource stock and harvesting consists now of equations (28) and (30). The Jacobian matrix of the partial derivatives of the system is
where partial derivatives can be calculated (and evaluated at the steady state) as
Based on these partial derivatives, the trace T and the determinant D of the characteristic polynomial can be calculated to be
. 
It is easy to see that D T

Proposition 2. In the case of concave resource growth with two steady states, the one associated with a larger natural resource stock is stable (a saddle), while the other with a smaller stock is unstable (a source).
Proof: See Appendix 2.
Figures 2 and 3 describe the dynamics in the case of two steady states. In Figure 2 the larger steady state equilibrium stock lies on the right-hand side, while in Figure 3 on the left-hand side of the maximum sustained yield x . The steady state is at the maximum sustained yield only accidentally. The equilibrium with the smaller stock is unstable and with the larger one is stable. x xΨ Γ We will next study briefly the case of expendables where the growth function is constant so that g x m ( ) Ζ [ 0 as in [9] , [13] and [14] . Then the dynamics in (11) and (12) will be modified to
and the steady state is characterized by the following equations
For the existence of a nontrivial steady state we need to assume that
. This means that hh-phaseline starts below m, which is clearly the case for high enough m. Total differentiation of (34) yields 
Efficiency of Steady State Equilibria
To investigate the efficiency of steady state equilibria, we explicitly take into account 
where 1 x is the initial stock of the resource owned by the initial old generation. In Appendix 3 we show that efficient equilibria are characterized by the condition 10 This can be seen as follows. Consider e.g. some period ≥ where stock is increased. Up to that period the economy has been in a steady state where h = g(x). So in period
. This means first
, where now obviously
, which means that consumption is decreased at least for one generation. Later generations will get higher consumption because the stock has increased. 11 Efficiency outside steady states is a more complicated problem. One can study the efficiency of these paths by modifying the criterion developed by [5] .
It is also easy to see that Corollary 2. In the case of constant growth the steady state is efficient.
Dynamical Equilibria with Logarithmic Utility
To explore the robustness of our results with quasi-linear utility, we relax the assumption of the linear second period utility function, but maintain the assumption of a general concave resource growth. Specifically, we consider a case, where the both periodic utility functions are logarithmic so that the intertemporal elasticity of substitution is unity. In this case (12) can be written as
Using (11) 
Once the evolution of x is determined, the behavior of h can be obtained from (12) so that the system has become recursive. The slope of the first-order nonlinear difference equation (37) is
In the steady state
, so that equation (36) can be written as 
A Parametric Example
To shed further light on the properties of the our model with quasi-linear preferences, we use the following parametric example for the first period utility function, the production function and the resource growth function, respectively:
The economically interesting parameters are the output elasticity of resource (∼ ), which determines the price elasticity of resource demand, and the discount factor ( ϒ ). Equation (41) is the logistic growth function for renewable resources. With these specifications (13) and (14) reduce to
The maximum growth, x equals b a / , and the respective harvest will be
. We calculate the point, where the Euler equation hits the h -axis. Setting . Then we get the relation between ϒ and ∼ depicted in Figure 5 . states, which may be efficient, inefficient or accidentally at the point of the maximum sustained yield.
Conclusions
We have examined an overlapping generations economy where a renewable natural resource stock serves as a store of value and an input in the production of consumption good. The resource grows according to the growth function, which we assume to be either concave or constant (when the resource is expendable We also explored the robustness of our results with quasi-linear utility by assuming the periodic utility function to be logarithmic. In this case the dynamical system reduces to a non-linear first-order difference equation for the resource stock.
In this case we show that for the Cobb-Douglas production function the steady state equilibrium is unique and stable regardless of whether the equilibrium is efficient or inefficient, and irrespective of the type of the growth function. Hence, the qualitative properties of the model under logarithmic utility function are similar to the saddle point equilibrium of the quasi-linear case.
Evaluating the elements of the Jacobian at the steady state and utilizing the facts that
The determinant, D, and the trace of the Jacobian matrix, T, are
From the stability theory of difference equations [2, pp. 63-67] we know that for a saddle point, the roots of p( ) ↔ Ζ 0 need to be on both sides of unity. Thus we need
The straightforward calculation yields at the steady state
If the weight of the initial old generation, ∞ , is positive, we have 
Next we evaluate C.3 in the steady state, where ' x x Ζ . To prove the stability of the steady state we need to have
. This condition holds for all inefficient equilibria (where
). As for the stability of efficient equilibria (where
), note first that if the steady state equilibrium is unique, then the upward sloping Euler equation must cut the resource growth curve from below so that the inequality (25) holds. 13 As will be shown below this is equivalent to the stability condition 
 Proof of stability:
Total differentiation of the Euler condition yields
Note that this expression is not the same as the expression for ) ( ' x P , since the latter expression was derived for points, which are valid outside the steady state, too.
For a unique steady state we need to have the slope of the Euler equation to cut the growth curve from below, i.e. where the elasticity of output with respect to harvest is
. Using this we can rewrite C.10 as follows , and we have a unique equilibrium. Note that
is the first period consumption in a steady state, and thus it is positive, as is then the expression ù ê ë
* * * * *
